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Abstract: Density of states and eigenstates of double quantum well structure is 

numerically computed in presence of electric field using propagation matrix 

method. Gaussian geometry is considered as profile of potential due to its closest 

resemblance with ideal parabolic potential. Time-independent Schrodinger’s 

equation is solved with Ben-Daniel Duke boundary conditions at hetero-interfaces, 

and Kane-type band nonparabolicity of first order is considered. Electric field is 

applied along the direction of quantum confinement, and structural parameters are 

varied to observe the effect. Overestimated parabolic assumption shows that 

eigenenergy value increases compared to the value obtained for realistic band 

structure, which is inaccurate as far as resonant tunneling phenomenon is 

concerned. Result has significant importance in design of resonant devices using 

the structure.   

Keywords: Gaussian geometry; double quantum well; electric field; density of 

states; eigenenergy; structural parameters; band nonparabolicity.

 

 

 

1 INTRODUCTION  
Research in low-dimensional devices, precisely on 

the MOSFET with shrinking dimension has already 

made a profound impact on present VLSI industry 

[1]. Works on semiconductor microstructures and 

nanostructures are already progressed in both 

theoretical [2, 3] and experimental [4, 5] domain. 

Complex (from mathematical modeling point of 

view) but physically realizable geometrical 

structures are considered for precise application 

requirement [6], where the growth process becomes 

possible due to the advancement of microelectronics 

technique and high-precision instrumentation 

technology. Numerous application possibility of 

these quantum structures leads to the emergence of 

novel photonic [7, 8] and electronic [9, 10] devices.  

Electronic and optical properties of nanostructures 

can be theoretically realizable by computing their 

eigenstates, which can also be estimated from the 

knowledge of density of states profile [11]. Among 

the quantum structures, quantum well is extensively 

researched in the last decade due to the 

computational advantages [12-13] and also 

fabrication suitability [14]. Osinski calculated [15] 

density of states function for finite barrier quantum 

well. Existence of sharp resonance states are 

reported form the knowledge of local and total 

density of states [16]. DOS also helps to predict the 

heterostructure quantum well laser performance 

[17]. Incorporation of material parameters and their 

relative interdependency is also vital while dealing 

with numerical techniques. Already different 
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numerical techniques have been applied to analyze 

electrical characteristics of resonant tunnelling 

devices like Variational method [18], Fourier Series 

method [19], Transfer Matrix approach [20], 

Propagation Matrix method [21], Finite Difference 

method [22] etc. Among the methods, propagation 

matrix method is considered by the authors because 

results obtained by using this method are quite close 

to the experimental results as suggested by earlier 

workers.  

In this paper, density of states and eigenstates for 

the double quantum well triple barrier structure is 

numerically computed using propagation matrix 

method (PMM) for Gaussian geometry. Gaussian 

geometry is considered as it has the closest 

similarity with ideal parabolic potential well 

structure. Structural parameters are varied to 

observe the modification in DOS and energy 

profiles. Electric field is applied for possible tuning 

for different applications, and band nonparabolicity 

is considered for near accurate estimation. Results 

are significant for design of RTD with Gaussian 

potential geometry. 

2 MATHEMATICAL MODELING 

Motion of a single electron in one dimension can be 

computed by using Schrödinger’s time-independent 

equation in absence of external excitation with 

effective mass mismatch 

)()()()()(
)(

1

2 *

2

zzEzzVz
zzmz

 


















 

In order to avoid differentiating discontinuous 

functions and producing infinities, solution of 

Schrödinger’s Equation (1) requires envelope 

function approximation that is both ψ(z) and 

(1/m*)(∂ψ(z)/∂z) are continuous by considering 

electron transport across the heterojunction.  

In the barrier and well regions, modified 

Schrödinger’s equation’s are- 
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where mb* & mw* are the effective masses of 

barrier and well regions, and Vb & Vw are 

potentials respectively. 

The Gaussian potential can be defined as: 
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where V0 is the barrier height, σ is the standard 

deviation, μ is the peak position of the Bell curve, z 

is the growth direction of the structure. For the 

double quantum well triple barrier structure under 

consideration, wavevector for the problem may be 

defined as: 

 
5.0

2

*2











 




j

j

qVEm
k

 

where the term Vj stands for potential function, 

which includes both Vb/w and field component 

along the propagation direction. 

Density of states gives the number of energy 

eigenstates per unit energy interval, and it depends 

on the band curvature of the semiconductor. For a 

quantum well system at any particular energy Ei, 

DOS can be computed by summing over all the 

subbands below the energy level 
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where Θ is the Heavyside step function. Here 

summation is performed over n confined states, gs 

and gv are spin and valley degeneracy respectively.  

E-κ first order dispersion relationship for barrier 

material consists the nonparabolicity factor 
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where γ is the coefficient of conduction band 

nonparabolicity, and is a function of material 

composition and spin-orbit splitting factor, may be 

written as 
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3 RESULTS & DISCUSSIONS 
Using Equation (5), density of states for both 

Gaussian and parabolic double quantum well 

structure are computed and plotted as a function of 

energy.  

In Fig. 1, we can observe that for both band 

parabolicity and nonparabolicity, with decrease in 

well width, the eigenvalue is increased. This is due 

to the fact that with lowering the magnitude of well 

layer width, quantum confinement increases, which 

causes higher eigenstate. It is observed that for a 
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particular device dimension, band nonparabolicity 

leads to less shift of eigenstates than that is 

observed for parabolic dispersion relation. This 

hsows the importance of considerign the accurate 

band strucutre otherwise oversimplified assumption 

gives erronious results. 

 

Fig. 1. DOS of GQW with field for different well widths in 

presence and absence of band nonparabolicity. 

Fig. 2. DOS of GQW with field for different contact barrier 

widths in presence and absence of band nonparabolicity. 

In Fig. 2, it may be observed that there is no 

significant change in eigenvalues with change of 

Gaussian contact barrier width for both parabolic 

and nonparabolic band structures. We observed that 

in presence and absence of electric field, variation 

of contact barrier width has no effect on eigenstate 

value occurrence. This is because change in barrier 

dimension modifies the flow of carriers from metal 

Fermi level to the device or vice-versa, and hence 

quantum confinement inside the well is not affected. 

Thus, eigenstate, and corresponding DOS is not 

affected. The same is again true when middle 

barrier width is varied in the next graph (Fig. 3), as 

thicker middle barrier tunes resonant tunnelling, but 

can’t change the quantum confinement. 

 

Fig. 3. DOS of GQW with field for different middle barrier 

widths in presence and absence of band nonparabolicity. 

 

Fig. 4. DOS of GQW & PQW with field for different well widths 

in presence of band nonparabolicity. 

In Fig. 4, comparative study is made with parabolic 

well geometry. For both type of well it is seen that 

for lower well width, higher eigenenergy values are 

appearing. This is due to the fact as well width 

reduces electron confinement is lesser which leads 

to higher values of eigenenergies. GOW has higher 

DOS value than PQW. The same is again true for 

band parabolicity, as shown in Fig. 5. 

Effect of contact barrier width is graphically 

represented in Fig. 6. Analysis is made for both type 

of well geometries. It is seen that eigenstate 

positions remain invariant for both type of potential 

profiles with varying contact barrier width for 

nonparabolic dispersion relation. Similar 

phenomenon is observed for parabolic dispersion 

relation, as shown in next graph (Fig. 7). This 

indicates that contact barrier width does not affect 

the DOS, whereas shape of well geometry greatly 

influences the result.  
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Fig. 5. DOS of GQW & PQW with field for different well widths 

in presence of band parabolicity. 

 

Fig. 6. Comparative study of DOS between Gaussian Quantum 

well and parabolic quantum well for different contact barrier 

widths with conduction band nonparabolicity in presence of 

electric field. 

 

Fig. 7. Comparative study of DOS between Gaussian Quantum 

well and parabolic quantum well for different contact barrier 

widths with conduction band parabolicity in presence of electric 

field. 

Variation of contact barrier width has no effect on 

eigenstate value occurrence. This is because change 

in barrier dimension modifies the flow of carriers 

from metal Fermi level to the device or vice-versa,  

 

Fig. 8. Comparative study of DOS between Gaussian Quantum 

well and parabolic quantum well for different middle barrier 

widths with conduction band non parabolicity in presence of 

electric field. 

 

Fig. 9. Comparative study of DOS between Gaussian Quantum 

well and parabolic quantum well for different middle barrier 

widths with conduction band parabolicity in presence of electric 

field. 

and hence quantum confinement inside the well is 

not affected (Figs. 8 and 9). Thus, eigenstate, and 

corresponding DOS is not affected. The same 

phenomenon is observed for different middle barrier 

widths too for both type of dispersion relation. 

For well width 5.1 nm only, single peak has been 

observed, for values 6.1 nm and 7.1 nm two eigen 

energy peaks are found. For higher values of well 

width like 8.1 nm and 9.1 nm, 3 peaks are observed 

and for large values like 10.1 nm, 11.1 nm and 12.1 

nm; 4 distinct eigen energy peaks can be found. So 

it can be concluded as the well width increases the 

number of eigen energy peaks also increases. A 

decreasing trend is observed in Eigen energy with 

respect to increasing well width.  

When parabolic dispersion relation is considered, It 

is found that for values 5.1 nm to 9.1 nm only 2 

peaks are visible; whereas for higher values of well 
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widths like 10.1 nm to 12.1 nm 4 distinct peaks are 

observed. So it can be also concluded here as the 

well width increases the number of eigenenergy 

peaks also increases. A decreasing trend is observed  

  

Fig. 10. Eigenenergy variation with well width of Gaussian 

double quantum well with conduction band nonparabolicity in 

presence of electric field. 

 

Fig. 11. Igenenergy variation with well width of Gaussian double 

quantum well with conduction band parabolicity in presence of 

electric field. 

 

Fig. 12. Igenenergy variation with mole fraction of Gaussian 

double quantum well with conduction band nonparabolicity in 

presence of electric field. 

in Eigen energy with respect to increasing well 

width. Again, magnitude of eigenvalue is less 

compared to the previous result where 

nonparabolicity is considered. 

Fig. 12 represents the relationship between Eigen 

energy with variation of mole fraction with the 

application of electric field for double Gaussian 

well geometry with band nonparabolicity. The mole 

fractions are varied up to 0.4. It is found that for 

small values (0.05, 0.1, and 0.15) of mole fraction 

single eigenenergy peeks are found. From 0.2 upto 

0.6, two peaks are observed and only for 0.35 & 0.4, 

3rd energy transitions is observed.  

4 CONCLUSIONS 
Eigenstates of double quantum well triple barrier 

structure with Gaussian geometry are computed by 

calculating the density of states functions. Structural 

parameters have control over the DOS, as revealed 

from simulation. It can also be tuned externally by 

applying electric field along the direction of 

quantum confinement. For better accuracy, results 

are calculated for nonparabolic dispersion relation, 

and are compared with that obtained for ideal band 

structure. Results are also compared with that 

obtained for ideal parabolic potential well with 

identical configuration. The analysis provides 

required information about the existence of 

eigenstates at lower energy values, which is 

important for resonant tunnelling applications.  
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